Error-correcting codes on projective bundles  by Nakashima, Tohru
Finite Fields and Their Applications 12 (2006) 222–231
http://www.elsevier.com/locate/ffa
Error-correcting codes on projective bundles
Tohru Nakashima
Department of Mathematics, Tokyo Metropolitan University, Minami-Ohsawa 1-1, Hachioji-shi,
Tokyo 192-0397, Japan
Received 23 October 2003; revised 17 February 2005
Communicated by Michael Tsfasman
Available online 21 June 2005
Abstract
Let C be a nonsingular projective curve deﬁned over a ﬁnite ﬁeld. We give a construction
of error-correcting codes on the projective bundle P(E) → C associated to a vector bundle E
on C.
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1. Introduction
The main objective in the theory of linear error-correcting codes is to construct linear
subspaces in a ﬁnite-dimensional vector space over a ﬁnite ﬁeld Fq . A k-dimensional
subspace S of Fnq is said to be an [n, k, d]-code if dim S = k and
d = min
x =y∈S #{i | xi = yi}.
The parameters n, k and d are called the length, the dimension and the minimum
distance of the code, respectively. After Goppa’s fundamental discovery [3], algebraic
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geometry has been used extensively in the construction of codes. We recall the con-
struction in a generalized form as given in [14, Chapter 3.1]. Let X be a normal
projective variety deﬁned over Fq and let L be a line bundle on X deﬁned over Fq . Let
P = {P1, . . . , Pn} be a set of distinct Fq -rational points on X and choose an isomor-
phism LPiFq for each i. Then we may deﬁne the code C(X,L,P) to be the image
of the natural evaluation map
 : H 0(X,L) →
n⊕
i=1
LPiF
n
q .
Most works in algebraic–geometric codes have been concerned with line bundles on
a curve deﬁned over Fq . Recently, the codes on ruled surfaces have been investigated
[5,9]. In this paper we study codes on the projective bundle  : P(E) → C associated
to a vector bundle E of arbitrary rank on a curve C. Let O(1) be the tautological
line bundle and f the numerical class of a ﬁber. We would like to construct codes
from a line bundle L numerically equivalent to b1O(1)+ b2f for some integers bi . To
control the numerical properties of L, we assume that E is p-semistable, i.e. the mth
Frobenius pull-back (Fm)∗E is semistable for every integer m0. Our main theorem
states that if E is p-semistable and bi satisfy certain inequalities, then we may construct
an [n, k, d]-code on P(E) with explicit bounds on the parameters. This result allows
us to reduce the problem of constructing error-correcting codes to the existence of
p-semistable bundles. We also show that similar, but weaker result holds in the case
when E is a semistable rank two bundle. Applying this to the family found by Garcia
and Stichtenoth [4], we obtain an asymptotically good family of codes.
It seems that semistable bundles have never been discussed before in the context
of linear error-correcting codes. It would be interesting to investigate further relations
between vector bundles and coding theory.
2. Results on vector bundles on curves
In this section we collect results concerning vector bundles on curves. For a ﬁeld k,
let k denote its algebraic closure. Let C be a nonsingular projective curve deﬁned over
k. We assume that C is geometrically irreducible, i.e. the base change C := C ⊗k k to
k is irreducible. For a vector bundle E on C, we deﬁne its slope (E) by
(E) = degE
rk E
.
If k is algebraically closed, E is said to be semistable (resp. stable) if for all proper
subbundles F we have
(F )(E)
(resp. (F ) < (E)).
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If k is an arbitrary ﬁeld, we deﬁne E to be semistable(resp. stable) if so is the bundle
E = E ⊗k k on C.
Let Fq denote the ﬁnite ﬁeld with q-elements, where q = pe for a prime p and e1.
Let C be a curve of genus g deﬁned over Fq and let E be a semistable bundle on C,
deﬁned over Fq . Let F : C → C denote the Frobenius map. For an integer m0, let
(Fm)∗E denote the pull-back of E by the mth iterated Frobenius map. It is known that
there exists a semistable bundle E such that F ∗E is not semistable [2]. In particular,
it follows that symmetric powers Sm(E) of a semistable bundle are not semistable in
general since Sp(E) contains F ∗E as a subbundle. We deﬁne E to be p-semistable
if (Fm)∗E is semistable for all m0. We have the following result concerning the
semistability of Sm(E) (cf. [12, Theorems 3.21, 3.23]).
Lemma 2.1. Let q = pe for a prime p and e1. Let C be a curve of genus g2
deﬁned over Fq and let E be a vector bundle of rank r on C. Then
(1) If E is p-semistable, then Sm(E) is semistable for all m0;
(2) If E is semistable and r = 2, then Sm(E) is semistable for mp − 1.
Proposition 2.1. Let E be a vector bundle of rank r on C satisfying one of the following
conditions:
(1) E is p-semistable;
(2) E is semistable and r = 2.
Let b1, b2 be nonnegative integers and let P be a point of C. Assume that
(E)b1 + b2 > 2g − 2.
We assume further that b1p − 1 in case (2). Then we have
h0(C, Sb1(E)(b2P)) =
(
b1 + r − 1
r − 1
)
{(E)b1 + b2 + 1 − g} .
Proof. By Serre duality, we have
H 1(C, Sb1(E)(b2P))H 0(C, Sb1(E∨)(−b2P + KC))∨.
Since we have
rk Sb1(E) =
(
b1 + r − 1
r − 1
)
, deg Sb1(E) = (E)b1
(
b1 + r − 1
r − 1
)
,
T. Nakashima /Finite Fields and Their Applications 12 (2006) 222–231 225
by assumption we obtain
deg Sb1(E∨)(−b2P + KC) =
(
b1 + r − 1
r − 1
)
(−(E)b1 − b2 + 2g − 2) < 0.
Hence H 1(C, Sb1(E)(b2P)) = 0 since Sb1(E) is semistable by Lemma 2.1. Then the
claim follows from the Riemann–Roch theorem. 
Remark 2.1. Let C be a nonsingular projective curve of genus g2 deﬁned over Fq ,
where q is a power of a prime p. Then p-semistable bundles of rank r and degree 0
correspond to continuous irreducible representation (cf. [10])
 : alg1 (C) → SL(r,Fp),
where alg1 (C) denotes the algebraic fundamental group. We may ﬁnd such representa-
tions if r is coprime to p or p divides r and C is ordinary. This implies the existence
of indecomposable p-semistable bundles of rank r and degree zero on C.
3. Construction of codes on projective bundles
Let C be a curve of genus g as in the previous section. For a vector bundle E of
rank r on C, let  : X = P(E) → C be the associated projective bundle. Let O(1) be
the tautological line bundle and let f be the numerical class of a ﬁber. Then every line
bundle L on X is numerically equivalent to aO(1)+ bf for some integers a, b. We use
the notation L ≡ aO(1) + bf for the numerical equivalence.
We recall that a rank two bundle E is said to be normalized if, H 0(C,E) = 0 and
H 0(C,E⊗L) = 0 for any line bundle L with degL < 0. Then the number e := −degE
is an invariant of X. If E is further assumed to be semistable, then we necessarily have
e0. The following result follows from [7, Chapter V, Ex. 2.14]; [11, p. 464].
Lemma 3.1. Let E be a vector bundle on a curve C deﬁned over Fq and let X = P(E).
Let H be a Q-divisor on X with H ≡ O(1)+f for a rational number . Assume that
either
(1) E is p-semistable or;
(2) g2 and E is a normalized rank two semistable bundle with the invariant e < 0.
Then H is nef if  − (E) in case (1) (resp.  e2 + g−1p in case (2)).
The following is the main result of this paper.
Theorem 3.1. Let C be a nonsingular projective curve of genus g deﬁned over Fq
and let a = #C(Fq). Let E be a semistable bundle of rank r and degree m on C
and let  : X = P(E) → C be the associated projective bundle. Assume that one of
226 T. Nakashima /Finite Fields and Their Applications 12 (2006) 222–231
the conditions (1) and (2) in Lemma 3.1 holds. For nonnegative integers b1, b2, let
N = {m + (r − 1)(E)}b1 + b2 in case (1) and N = ( e2 + g−1p )b1 + b2 in case (2),
respectively. Assume that
a > N, b1q and (E)b1 + b2 > 2g − 2.
We assume further that b1p−1 in case (2). Then, from the line bundle L ≡ b1O(1)+
b2f on X we may construct an [n, k, d]-code with
n = pr−1a,
k =
(
b1 + r − 1
r − 1
)
{(E)b1 + b2 + 1 − g} ,
d  (qr−1 + (1 − b1)qr−2)(a − N).
Here pn = qn + qn−1 + · · · + q + 1.
Proof. To prove the claim, we use the argument given in [5, p. 550]. Let H ≡ O(1)+
f be a Q-divisor on X with  = −(E) in case (1) (resp.  = e2 + g−1p in case (2)),
which is nef by Lemma 3.1. For a line bundle L ≡ b1O(1) + b2f on X, we have
Hr−1 · L = N .
Let C(Fq) = {t1, . . . , ta} be the set of Fq -rational points of C and for each i, let
fi := −1(ti) be the ﬁber over ti . Then we have X(Fq) = ∪ai=1fi(Fq). This yields
n = #X(Fq) = pr−1a, since we have pr−1 = #Pr−1(Fq) = qr−1 + qr−2 + · · · + q + 1.
We set
l = sup
s∈H 0(X,L)
#{i | (s)0 contains fi}.
For s ∈ H 0(X,L), let D = (s)0 ∈ |L| be the divisor deﬁned by s. Assume that D
contains l ﬁbers fi with i ∈ I and write D =∑i∈I fi+∑j Dj where Dj are horizontal
components. Let ls denote the number of coordinates in Fnq where (s) vanishes, i.e.
ls = #(D)(Fq) = #(D∩∪ai=1fi)(Fq). For each i, D∩fi is a hypersurface of degree b1
in Pr−1, so the number #(D ∩ fi)(Fq) is bounded above by b1qr−2 + pr−3 if b1q
[13]. Hence we have
ls 
∑
i∈I
#(fi)(Fq) +
∑
j ∈I
#(D ∩ fj )(Fq)
 lpr−1 + (b1qr−2 + pr−3)(a − l).
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On the other hand, since H is nef, we have Hr−1 · Dj 0 for each j (cf. [6, Theorem
6.1]). This yields
N = Hr−1 · L = Hr−1 ·
⎛
⎝∑
i∈I
fi +
∑
j
Dj
⎞
⎠

∑
i∈I
H r−1 · fi = l
since Hr−1 · fi = 1 for each i. Hence lpr−1 + (b1qr−2 + pr−3)(a − l) = (pr−1 −
b1qr−2 − pr−3)l + (b1qr−2 + pr−3)a(pr−1 − b1qr−2 − pr−3)N + (b1qr−2 + pr−3)a
since pr−1 − b1qr−2 − pr−3qr−2 > 0 for b1q. If a > N , then n = apr−1 >
(pr−1 − b1qr−2 − pr−3)N + (b1qr−2 + pr−3)a. Hence the evaluation map
 : H 0(X,L) → Fnq
is injective and the image of  deﬁnes a [n, k, d]-code with parameters
n = pr−1a,
k = H 0(X,L) = h0(C, Sb1(E)(b2P)),
d  (qr−1 + (1 − b1)qr−2)(a − N),
where P is a point of C. Therefore the claim follows from Proposition 2.1. 
Corollary 3.1. Let C be an elliptic curve deﬁned over Fq and let a = #C(Fq). For an
integer r2 and m, let b1, b2 be nonnegative integers satisfying
a >
2r − 1
r
mb1 + b2, b1q and m
r
b1 + b2 > 0.
Then there exists an [n, k, d]-code with parameters
n = pr−1a,
k =
(
b1 + r − 1
r − 1
){m
r
b1 + b2
}
,
d  (qr−1 + (1 − b1)qr−2)
(
a − 2r − 1
r
mb1 − b2
)
.
Proof. By the work of Tillmann, for any rational point P of C and any integers r2
and m, there exists a canonical semistable vector bundle Er,m(P ) of rank r and degree
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m on C [1]. We claim that every semistable bundle E on C is p-semistable. Indeed,
if F ∗E is not semistable, then there would exist a maximal destabilizing subsheaf
B ⊂ F ∗E [8]. As in [10, 2.4 Satz], this yields a nontrivial OC-linear map
TC → HomOC (B, F ∗E/B),
where TC denotes the tangent bundle of C, which is isomorphic to OC since C is an
elliptic curve. Hence we obtain a nontrivial map B → F ∗E/B, which is a contradiction.
Thus we obtain the claim from Theorem 3.1. 
Corollary 3.2. Let C be a nonsingular projective curve of genus g2 deﬁned over Fq
and let a = #C(Fq). Let b1, b2 be nonnegative integers satisfying
a >
{
−1
2
+ g − 1
p
}
b1 + b2, b1p − 1 and 12b1 + b2 > 2g − 2.
Then there exists an [n, k, d]-code with parameters
n = (q + 1)a,
k = (b1 + 1)
{
1
2
b1 + b2 + 1 − g
}
,
d  (q + 1 − b1)
(
a −
{
−1
2
+ g − 1
p
}
b1 − b2
)
.
Proof. Let L be a line bundle of degree one on C deﬁned over Fq . By Serre duality, we
have H 1(C,L∨)H 0(C,L⊗KC)∨. Since Riemann–Roch yields h0(C,L⊗KC)(L⊗
KC) = g, there exists an element e = 0 ∈ H 1(C,L∨), which corresponds to a nontrivial
extension
0 → OC → E → L → 0.
We claim that the rank two bundle E is stable. Indeed, assume that we had a sub-
line bundle M ⊂ E with degM > 0. If the composite map f : M ↪→ E → L
were trivial, we would have a nontrivial map M → OC , which is impossible. Hence
deg (L ⊗ M∨) = 1 − degM0. We cannot have degM = 1, since otherwise L must
be isomorphic to M, which implies that the original sequence is split. However, this
contradicts our assumption that e = 0, hence E is stable.
By stability of E, we have H 0(C,E⊗M) = 0 for any line bundle M with degM < 0.
It follows that E is normalized, with invariant e = −1. Thus Theorem 3.1 allows us to
construct the claimed code from the bundle E. 
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4. Examples
In this section we illustrate the results in the previous section by giving explicit
numerical examples. First we compare our codes with the product codes of the Goppa
codes on C with the Reed–Solomon codes on P1. Let C be a Hermitian elliptic curve,
i.e. a plane curve deﬁned over F4 by the equation
X3 + Y 3 + Z3 = 0.
It is known that C has nine rational points. The Goppa codes on C are [n1, k1, d1]-codes
with parameters
n1 = 9,
k1 = ,
d1  9 − 
for any 0 <  < 9. The Reed–Solomon codes on P1 are [n2, k2, d2]-codes with
n2 = 5,
k2 = + 1,
d2 = 5 − 
for any 0 <  < 5. Thus the product codes are of length 45 and parameters [k1k2, d1d2]
with [3, 24], [5, 8], [9, 18], [15, 6].
On the other hand, applying Corollary 3.1 to C with r = 2, b1 = m = 1, we see
that for any integer 0b27, there exists an [n, k, d]-code with parameters
n = 45,
k = 2b2 + 1,
d  30 − 4b2.
Thus we obtain codes of length 45 and parameters [k, d] with [3, 5], [5, 22], [9, 14],
[14, 2]. We see that our codes are better than the product codes when k = 3 and 5,
while they are worse when k = 9 and 14.
Next we consider asymptotic properties of our codes. Let S1, S2, . . . , Si, . . . be a
family of codes of length n(Si), rate R(Si) and the relative minimum distance (Si).
Such family is said to be asymptotically good if limi→∞ n(Si) = ∞, limi→∞ R(Si) >
0 and limi→∞ (Si) > 0.
Let q = p2e for a prime p and an integer e1. In [4] Garcia and Stichtenoth
gave a construction of towers F1, F2, . . . , Fi, . . . of Artin–Schreier extensions such that
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F1 = Fq(x1), the rational function ﬁeld, and Fi+1 = Fi(zi+1), where zi+1 is given by
z
√
q
i+1 + zi+1 = x
√
q+1
i ,
xixi−1 = zi .
Let C1, C2, . . . , Ci, . . . be the corresponding family of curves of genus g(Ci) deﬁned
over Fq . Then the family attains the Drinfeld–Vla˘dut bound
lim
i→∞
#Ci(Fq)
g(Ci)
= √q − 1.
This is a consequence of the following bounds for each i1 (cf. [4]).
ai := #Ci(Fq)(q − 1)q i−12 ,
g(Ci)  q
i
2 + q i−12 .
Thus, for given q > 9 and sufﬁciently large i, we have
ai − 2p + 1
p
g(Ci) + 5p + 2
p
(p2e − 1)p(i−1)e − 2p + 1
p
(pie + p(i−1)e) + 5p + 2
p
> 0.
Hence b1 = 1 and b2 = 2g(Ci) − 2 satisfy the assumptions of Corollary 3.2 for Ci
if q > 9 and i  0. Thus we obtain a family of codes S1, S2, . . . , Si, . . . where Si are
[ni, ki, di]-codes with parameters
ni = (q + 1)ai,
ki = 2g(Ci) − 1,
di = q
(
ai − 2p + 1
p
g(Ci) + 5p + 2
p
)
.
Then R(Si) and (Si) satisfy
lim
i→∞R(Si) =
1
q + 1
2√
q − 1 ,
lim
i→∞ (Si) =
q
q + 1
(
1 − 2p − 1
p
1√
q − 1
)
= q{p(
√
q − 3) − 1}
p(q + 1)(√q − 1) .
Therefore we conclude that if q > 9, then the above family is asymptotically good.
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